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Abstract

The XModAlg package provides functions for computation with crossed modules of commutative algebras and
cat! -algebras.
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GitHub at https://github.com/gap-packages/xmodalg/issues/ or contact the second author at
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Chapter 1

Introduction

In 1950 S. MacLane and J.H.C. Whitehead, [Whi49] suggested that crossed modules modeled ho-
motopy 2-types. Later crossed modules have been considered as 2 -dimensional groups, [Bro82],
[Bro87]. The commutative algebra version of this construction has been adapted by T. Porter, [AP96],
[Por87]. This algebraic version is called combinatorial algebra theory, which contains potentially
important new ideas (see [Sha92], [AP96], [AP98], [AE03]).

A share package XMod, [AOUW17], [AWO00], was prepared by M. Alp and C.D. Wensley
for the GAP computational group theory language, initially for GAP3 then revised for GAP4.
The 2-dimensional part of this programme contains functions for computing crossed modules and
cat! -groups and their morphisms [AOUW17].

This package includes functions for computing crossed modules of algebras, cat'-algebras and
their morphisms by analogy with computational group theory. We will concentrate on group rings
over of abelian groups over finite fields because these algebras are conveniently implemented in GAP.
The tools needed are the group algebras in which the group algebra functor J#(.) : Gr — Alg is left
adjoint to the unit group functor % (.) : Alg — Gr.

The categories XModAlg (crossed modules of algebras) and Cat1Alg (cat'-algebras) are equiv-
alent, and we include functions to convert objects and morphisms between them. The algorithms
implemented in this package are analyzed in A. Odabas’s Ph.D. thesis, [Oda09] and described in
detail in the paper [AO16].

There are aspects of commutative algebras for which no GAP functions yet exist, for example
semidirect products. We have included here functions for all homomorphisms of algebras.
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Algebras and their Actions

All the algebras considered in this package will be associative and commutative. Scalars belong to a
commutative ring K with 1 # 0.
(Why not a field? A group ring over the integers is not an algebra. [CDW])

2.1 Multipliers
A multiplier in a commutative algebra A is a function u : A — A such that
w(ab) = (nua)b = a(ub) Ya,beA.
The regular multipliers of A are the functions
U A— A ub=ab YbeA.

When A has a one, it follows from the defining condition that p(b1) = (u1)b and so u = y, where
a = 1. Since an ideal I of A is closed under multiplication, a multiplier 4 may be restricted to /.

QUESTION: Is there an example of an algebra A without a one which has multipliers not of the
form u,?

2.1.1 RegularAlgebraMultiplier

> RegularAlgebraMultiplier(4, I, a) (operation)

This operation defines the multiplier u, : / — / on an ideal / of A.
Example

gap> Al := GroupRing( GF(5), Group( (1,2,3,4,5,6) ) );;
gap> SetName( Al, "A1" );

gap> BA1 := BasisVectors( Basis( A1l ) );;

gap> v := BA1[1] + BA1[3] + BA1[5];
(Z(B)~0)*()+(Z2(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3)(2,6,4)
gap> I1 := Ideal( A1, [v] );;

gap> SetName( I1, "I1" );

gap> vl := BA1[2];

(z(5)~0)*(1,2,3,4,5,6)
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gap> ml := RegularAlgebraMultiplier( A1, I1, vl );

[ (Z(B)~0)*x()+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3)(2,6,4),
(Z(5)~0)*(1,2,3,4,5,6)+(Z(5)~0)*(1,4)(2,5)(3,6)+(Z(5)~0)*(1,6,5,4

[ (Z(56)~0)*(1,2,3,4,5,6)+(Z(5)~0)*(1,4)(2,5)(3,6)+(Z(5)~0)*(1,6,5,4,3,2),
(Z(5)~0)*x()+(2(5)~0)*(1,3,5)(2,4,6)+(Z(56)~0)*(1,5,3)(2,6,4) ]

2.1.2 IsAlgebraMultiplier

> IsAlgebraMultiplier(mu) (operation)

This function tests the condition t(ab) = (na)b = a(ub) for all a,b in the basis for A.
Example

gap> IsAlgebraMultiplier( ml );

true

gap> idl := One( Al );;

gap> L1 := List( BAl, v -> idl );;

gap> hl := LeftModuleHomomorphismByImages( Al, A1, BA1l, L1 );

[ (ZB)~0)*x(), (Z(5)~0)*(1,2,3,4,5,6), (Z(5)~0)*(1,3,5)(2,4,6),
(Z(5)~0)*(1,4)(2,5)(3,6), (Z(5)~0)*(1,5,3)(2,6,4), (Z(5)~0)*(1,6,5,4,3,2)

1 > [ (Z®B)~0*x0O, (Z(B)~0)*x(0), (Z(6)~0)*x(O, (Z(6)~0)*(), (Z(5)~0)*(),
(Z(5)~0)*x() 1]

gap> IsAlgebraMultiplier( hl );

false

2.1.3 MultiplierAlgebraOfldealBySubalgebra
> MultiplierAlgebraOfIdealBySubalgebra (4, I, B) (operation)
The regular multipliers u, : I — I for all b € B, where [ is an ideal in A and B is a subalgebra of A,

form an algebra with product u, o ty = Uy .
Example

gap> ul := BA1[3];

(Z(5)~0)*(1,3,5)(2,4,6)

gap> S1 := Subalgebra( A3, [ ul 1 );;

gap> SetName( S1, "S1" );

gap> MS1 := MultiplierAlgebraOfIdealBySubalgebra( A1, I1, S1 );
<algebra of dimension 1 over GF(5)>

gap> SetName( MS1, "MS1" );

gap> BMS1 := BasisVectors( Basis( MS1 ) );;

gap> BMS1[1];

<linear mapping by matrix, I1 -> I1>
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2.1.4 MultiplierAlgebra

> MultiplierAlgebra(4) (attribute)

The regular multipliers u, : A — A for all a € A form an algebra isomorphic to A by the map
a — U,. This operation returns MultiplierAlgebraOfIdealBySubalgebra(A,A,4) ;.

Example

gap> MA1 := MultiplierAlgebra( Al );

<algebra of dimension 6 over GF(5)>

gap> BMA1l := BasisVectors( Basis( MA1 ) );;

gap> BMA1[3];

<linear mapping by matrix, <algebra-with-one of dimension

6 over GF(5)> -> <algebra-with-one of dimension 6 over GF(5)>>

2.1.5 MultiplierHomomorphism

> MultiplierHomomorphism(M) (attribute)

If M is a multiplier algebra with elements of a subalgebra B of an algebra A multiplying an ideal /
then this operation returns the homomorphism from B to M mapping b to ;.

Example

gap> homl := MultiplierHomomorphism( MA1l );;

gap> ImageElm( homil, BA1[2] );

Basis( A1, [ (Z(5)~0)*(), (Z(5)~0)*(1,2,3,4,5,6), (Z(5)"0)*(1,3,5) (2\

,4,6),
(Z(5)~0)*(1,4)(2,5)(3,6), (Z(5)~0)*(1,5,3)(2,6,4), (Z(5)~0)*(1,6,5,4,3,2)

1) ->1[ (Z®)0)x(1,2,3,4,5,6), (Z(56)~0)*(1,3,5)(2,4,6),
(z(5)~0)*(1,4)(2,5)(3,6), (Z(5)~0)*(1,5,3)(2,6,4), (Z(5)~0)=*(1,6,5,4,3,2),
(Z(5)~0)*x() 1

2.2 Commutative actions
If S and R are commutative K-algebras, a map
RxS — S, (r,s) ¥ r-s
is a commutative action if and only if the following five axioms hold:
* k(r-s) = (kr)-s = r-(ks),
s r-(s+5) =r-s+r-s, (sor-0g =05V reER),
s (r+r)-s =r-s+r-s, (s00g-s=0sVseS),

e r-(ss') = (r-s)s =s(r-s),
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o (rr')-s =r-(r-s), (so 1g-s = sV s € S when R has a one),

forall k €K, r,/”’ € R, and 5,5' € S.
Notice in particular that, for fixed r € R, the map s — r- s is a vector space homomorphism, but
not in general an algebra homomorphism.

2.2.1 AlgebraAction

> AlgebraAction(args) (function)

This global function calls one of the following operations, depending on the arguments supplied.

2.2.2 AlgebraActionByMultipliers

> AlgebraActionByMultipliers(4, I, B) (operation)

When / is an ideal in A and B is a subalgebra of A, we have seen that the multiplier homomorphism
from A to MultiplierAlgebraOfIdealBySubalgebra(A,I,B) is an action.

In the example the algebra is the group ring of the cyclic group Cg over the field GF(5). The ideal
is generated by v= () +(1,3,5)(2,4,6) + (1,5,3)(2,6,4). The generator r = (1,2,3,4,5,6) acts on v
by multiplication to give the vector r-v=(1,2,3,4,5,6)+(1,4)(2,5)(3,6) + (1,6,5,4,3,2), as shown
in AlgebraActionByHomomorphism (2.2.4)

Example

gap> Al := GroupRing( GF(5), Group( (1,2,3,4,5,6) ) );;

gap> BA1l := BasisVectors( Basis( Al ) );;

gap> v := BA1[1] + BA1[3] + BA1[5];
(Z(B)~0)*x()+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3)(2,6,4)

gap> I1 := Ideal( A1, [v] );;

gap> actl := AlgebraActionByMultipliers( A1, I1, Al );;

gap> actl2 := Image( actl, BA1[2] );;

gap> Image( actl2, v );
(Z(5)~0)*(1,2,3,4,5,6)+(Z2(5)~0)*(1,4)(2,5)(3,6)+(Z(5)~0)*(1,6,5,4,3,2)

2.2.3 AlgebraActionBySurjection

> AlgebraActionBySurjection (hom) (operation)

Let 8 : B— A be a surjective algebra homomorphism such that ker 8 is contained in the annihilator
of B. Then A acts on B by a-b = pb where p € (0~ 'a). Note that this action is well defined since
0 'a={p+k|kecker8}and (p+k)b= pb+kb= pb+D0.

Continuing with the previous example, we construct the quotient algebra Q1 = A1/I1, and the
natural homomorphism 8; : A1 — Q1. The kernel of 6 is not contained in the annihilator of A1, so an
attempt to form the action fails.

An alternative example involves a matrix algebra A, with generator m;, basis {mz,m%,mg}, and
where m3 = 0. The ideal I, is generated by m3 and the quotient Q, has basis {[my], [m3]}.
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Example

gap> thetal := NaturalHomomorphismByIdeal( A1, I1 );

<linear mapping by matrix, <algebra-with-one of dimension

6 over GF(5)> -> <algebra of dimension 4 over GF(5)>>

gap> List( BAl, v -> ImageElm( thetal, v ) );

[ v.1, v.2, v.3, v.4, (Z(5)~2)*v.1+(Z(5)~2)*v.3, (Z(5)~2)*v.2+(Z(5)"2)*v.4 ]
gap> AlgebraActionBySurjection( thetal );

kernel of hom is not in the annihilator of A

fail

gap> ## an example which does not fail:

gap> m2 := [ [0,1,2,3], [0,0,1,2], [0,0,0,1], [0,0,0,0] 1;;

gap> m272;

tro,o,1,41,00,0,0,11,[0,0,0,01, [0,0,0,01]1]
gap> m273;
tfto,o0,0,11,00,0,0,01,[0,0,0,01,[0,0,0,01]1
gap> A2 := Algebra( Rationals, [m2] );;

gap> SetName( A2, "A2" );

gap> S2 := Subalgebra( A2, [m2-3] );;

gap> SetName( S2, "S2" );

gap> nat2 := NaturalHomomorphismByIdeal( A2, S2 );

<linear mapping by matrix, A2 -> <algebra of dimension 2 over Ration)\
als>>

gap> Q2 := Image( nat2 );;

gap> SetName( Q2, "Q2" );

gap> Display( nat2 );

LeftModuleHomomorphismByMatrix( Basis( A2

rcrfto,o0,0,11,[0,0,0,01, [0,0,0,01, [0,0,0,011,
rfro,1 2,31, [0,0,1,21,[0,0,0,11, [0,0,0,011,
rfo,o0,1,41,00,0,0,11,[0,0,0,01,[0,0,0,0111),
[[o,01, [1,01, [0, 111, CanonicalBasis( Q2 ) )

gap> act2 := AlgebraActionBySurjection( nat2 );;

gap> I2 := Image( act2 );;

gap> BI2 := BasisVectors( Basis( I2 ) );;

gap> bl := BI2[1];; b2 := BI2[2];;

gap> [ Image(bl,m2)=m2"2, Image(bl,m2°2)=m2"~3, Image(bl,m2~3)=Zero(A2) 1];
[ true, true, true ]

gap> [ Image(b2,m2)=m2~3, b2=b1~2 ];

[true, true ]

2.2.4 AlgebraActionByHomomorphism

> AlgebraActionByHomomorphism(hom, alg) (operation)

If a: A — Cis an algebra homomorphism where C is an algebra of left module isomorphisms of
an algebra B, then AlgebraActionByHomomorphism( alpha, B ) attempts to return an action of A

on B.

In the example the matrix algebra A3 and the group algebra Rc3 are isomorphic algebras, so the

resulting action is equivalent to the multiplier action of Rc3 on itself.
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Example
gap> m3 := [ [0,1,0], [0,0,1], [1,0,0,]1 1;;
gap> A3 := Algebra( Rationals, [m3] );;

gap> SetName( A3, "A3" );;

gap> c3 := Group( (1,2,3) );;

gap> Rc3 := GroupRing( Rationals, c3 );;

gap> SetName( Rc3, "GR(c3)" );

gap> g3 := GeneratorsOfAlgebra( Rc3 )[2];;

gap> mg3 := RegularAlgebraMultiplier( Rc3, Rc3, g3 );;

gap> Amg3 := AlgebraByGenerators( Rationals, [ mg3 ] );;

gap> homg3 := AlgebraHomomorphismByImages( A3, Amg3, [ m3 ], [ mg3 1 );;

gap> actg3 := AlgebraActionByHomomorphism( homg3, Rc3 );

trcfto,1,01,[0,0,21,[1,0,0111 >

[ [ (ODxO, (1)=*(1,2,3), (1D*(1,3,2) 1 > [ (1)=*(1,2,3), (1)*(1,3,2), (1*O
11

2.3 Algebra modules

Recall that a module can be made into an algebra by defining every product to be zero. When we
apply this construction to a (left) algebra module, we obtain an algebra action on an algebra.

Recall the construction of algebra modules from Chapter 62 of the GAP reference manual. In
the example, the vector space V3 becomes an algebra module M3 with a left action by A3. Con-
version between vectors in V3 and those in M3 is achieved using the operations 0bjByExtRep and
ExtRep0f0bj. These vectors are indistinguishable when printed.

Example

gap> V3 := Rationals~3;;

gap> M3 := LeftAlgebraModule( A3, \*, V3 );;
gap> SetName( M3, "M3" );

gap> famM3 := ElementsFamily( FamilyObj( M3 ) );;
gap> v3 := [3,4,5];;

gap> v3 := ObjByExtRep( famM3, v3 );

[ 3, 4, 5]

gap> m3%*v3;

[ 4,5, 3]

gap> genM3 := GeneratorsOfLeftModule( M3 );;
gap> ué := 6%genM3[1] + 7*genM3[2] + 8*genM3[3];
[6, 7, 8]

gap> u4 := ExtRepO0f0bj( u4 );

[6, 7, 8]

2.3.1 ModuleAsAlgebra

> ModuleAsAlgebra(leftmod) (attribute)
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To form an algebra B from M with zero products we may construct an algebra with the correct
dimension using an empty structure constants table, as shown below. In doing so, the remaining infor-
mation about M is lost, so it is essential to form isomorphisms between the corresponding underlying
vector spaces.

If the module M has been given a name, then the operation ModuleAsAlgebra assigns a name
to the resulting algebra. The operation AlgebraByStructureConstants assigns names v; to the
basis vectors unless a list of names is provided. The operation ModuleAsAlgebra converts the basis
elements of M into strings, with additional brackets added, and uses these as the names for the basis
vectors. Note that these [[1,j,k]] are just strings, and not vectors.

Example

gap> D3 := LeftActingDomain( M3 );;

gap> T3 := EmptySCTable( Dimension(M3), Zero(D3), "symmetric" );;
gap> B3a := AlgebraByStructureConstants( D3, T3 );

<algebra of dimension 3 over Rationals>

gap> GeneratorsOfAlgebra( B3a );

[ v.1, v.2, v.3 ]

gap> B3 := ModuleAsAlgebra( M3 );

A(M3)

gap> GeneratorsOfAlgebra( B3 );

(tfcss 0,011, (Lo, 1,011, [LO, 0, 1111

2.3.2 IsModuleAsAlgebra

> IsModuleAsAlgebra(alg) (operation)

This is the property acquired when a module is converted into an algebra.
Example

gap> IsModuleAsAlgebra( B3 );
true
gap> IsModuleAsAlgebra( A3 );
false

2.3.3 ModuleToAlgebralsomorphism

> ModuleToAlgebralsomorphism(alg) (operation)
> AlgebraToModuleIsomorphism(alg) (operation)

These two algebra mappings are attributes of a module converted into an algebra. They are re-
quired for the process of converting the action of A on M into an action on B. Note that these left
module homomorphisms have as source or range the underlying module V, not M.

Example

gap> KnownAttributes0fObject( B3 );
[ "Name", "ZeroImmutable", "LeftActingDomain", "Dimension",
"GeneratorsOfLeftOperatorAdditiveGroup", "GeneratorsOfLeftOperatorRing",
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"ModuleToAlgebralsomorphism", "AlgebraToModuleIsomorphism" ]

gap> M2B3 := ModuleToAlgebralsomorphism( B3 );

tftt+ 0,01, 00,121,071, L0,0,111->C10C1,0,011, [[O, 1, 01]
(Lo, o0, 1111

gap> Source( M2B3 ) = M3;
false
gap> Source( M2B3 ) = V3;
true

gap> B2M3 := AlgebraToModuleIsomorphism( B3 );

( 1, 0,011, (Co, 1,011, (Lo, 0,111 —>
(f1,0,01, [0, 1,01, [0,0,11]1]

gap> Range( B2M3 ) = M3;

false

gap> Range( B2M3 ) = V3;

true

12

B

2.3.4 AlgebraActionByModule

> AlgebraActionByModule(alg, leftmod)

This operation converts the action of A on M into an action of A on B.

Example

(operation)

gap> act3 := AlgebraActionByModule( A3, M3 );
trrto,1,01,00,0,11,01,0,0111 ->
trcftc, 0,011, (Lo, 2,011, [[O,0,11117 ->
( tco, o, 111, 1, 0,011, [CLO, 1,01171]1
gap> a3 := 2xm3 + 3*m372;
(ro,2,31,03,0,21,1[2,3,011
gap> Image( act3, a3 );
Basis( AM3), [ [[ 1, 0, 011, [[O, 1,011, [[O0,0,1111) ->
[ 3=*[[ 0, 1, 0 11+(2)*x[[ 0, 0, 1 11, (2*[[ 1, 0, 0 11+(3)+[[ 0, O, 1 1],
[ 1, 0, 0 11+(2)*[[ 0, 1, 0 1] ]
gap> Image( act3 );
<algebra over Rationals, with 1 generator>

2.4 Actions on direct sums of algebras

24.1 DirectSumOfAlgebrasWithInfo

> DirectSumOfAlgebrasWithInfo(A1, A2)
> DirectSumOfAlgebrasInfo (4)

(operation)

(attribute)

This attribute for direct sums of algebras is missing from the main library, and is added here to
be used in methods for Embedding and Projection. In order to construct a direct sum with this
information attribute the operation DirectSumOfAlgebrasWithInfo may be used. This just calls

DirectSumOfAlgebras and sets up the attribute.
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Example

gap> A3Rc3 := DirectSumOfAlgebrasWithInfo( A3, Rc3 );;

gap> SetName( A3Rc3, Concatenation( Name(A3), "(+)", Name(Rc3) ) );
gap> DirectSumOfAlgebrasInfo( A3Rc3 );

rec( algebras := [ A3, GR(c3) 1,

embeddings :=
[
Basis( A3, [ [ [O0,1,01,[0,0,11,[1,0,011,
(fo,o0,11,[1,0,01,[0,1,011,
(ft 0,01, 00,121,011, [0,0,1111) ->1I[v.1, v.2, v.31,
CanonicalBasis( GR(c3) ) -> [ v.4, v.5, v.6 1 1, first := [ 1, 4 1],
projections :=
[ CanonicalBasis( A3(+)GR(c3) ) ->
trrctco,1,01,00,0,11,0[01,0,011,
[ro,o0,11,01,0,01,[0,1,011,
[rt, 0,01, 00,1,01, [0,0,111,
(co,0,01,[0,0,01,[0,0,011,
rto,o0,01,[0,0,01, [0,0,011,
rcto,o0,01,[0,0,01, [0,0,0111,
CanonicalBasis( A3(+)GR(c3) ) -> [ <zero> of ..., <zero> of ...,
<zero> of ..., (O, (1)*(1,2,3), (1)*(1,3,2) 1 1)
2.4.2 Embedding (for direct sum of algebras)
> Embedding (A 5 nr) (operation)

> Projection(4, nr)

(operation)

Methods for Embedding and Projection for direct sums of algebras are missing from the main

library, and so are included here.

Example
gap> Embedding( A3Rc3, 1 );
Basis( A3, [ [ [0, 1,01, [0,0,11,[1,0,011,
[ro,o,11,01,0,01,[o0,1,011,
[, 0,01, 00,121,071, 00,0,1111) ->T[v.1, v.2, v.3]

gap> Projection( A3Rc3, 2 );
CanonicalBasis( A3(+)GR(c3) ) -> [ <zero> of ...
<zero> of ..., (1)*x0, (1)*(1,2,3),

, <zero> of ...
(1)%(1,3,2) 1]

>

>

2.5 Other operations on algebras

2.5.1 SemidirectProductOfAlgebras

> SemidirectProductOfAlgebras(R, act, S)

(operation)
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When R,S are commutative algebras and R acts on § then we can form the semidirect product
R x S, where the product is given by:

(r1,81)(r2,82) = (rira, ri-s2+r2-s1+5182).
This product, as well as being commutative, is associative: (ry,s1)(r2,52)(r3,s3) expands as:
(rirars, (rir2) s34 (rir3)-so+ (rar3) -s1+r1- (s253) +r2- (s153) +r3- (s152) + 515283) .
If Bg, Bs are the sets of basis vectors for R and S then R x S has basis
{(r,0s) | r € Bg} U {(Og,s) | s € Bs}
with defining products
(r1,05)(r2,05) = (r172,0s), (r,05)(Og,s) = (Og,r-s), (Og,51)(0g,52) = (Og,s152).

Continuing the example above,
Example

gap> P1 := SemidirectProductOfAlgebras( A1, actl, I1 );

<algebra of dimension 8 over GF(5)>

gap> Embedding( P1, 1 );

[ ZB)~0)*x(O), (Z(5)~0)*(1,2,3,4,5,6), (Z(5)~0)*(1,3,5)(2,4,6),
(z(5)~0)*(1,4)(2,5)(3,6), (Z(5)~0)*(1,5,3)(2,6,4), (Z(5)~0)*(1,6,5,4,3,2)

] >[v.1, v.2, v.3, v.4, v.5, v.6 ]

gap> Embedding( P1, 2 );

[ (Z(B)~0)*(+(Z(5)~0)*(1,3,5)(2,4,6)+(Z(5)~0)*(1,5,3)(2,6,4),
(z(5)~0)*(1,2,3,4,5,6)+(Z(5)~0)*(1,4)(2,5)(3,6)+(Z(5)~0)*(1,6,5,4,3,2) 1 ->

[ v.7, v.8 1]

gap> Projection( P1, 1 );

[ v.1, v.2, v.3, v.4, v.5, v.6, v.7, v.8 1 >

[ (ZB)~0)*x(), (Z(5)~0)*(1,2,3,4,5,6), (Z(5)~0)*(1,3,5)(2,4,6),
(Z(5)~0)*(1,4)(2,5)(3,6), (Z(5)~0)*(1,5,3)(2,6,4), (Z(5)~0)*(1,6,5,4,3,2),

<zero> of ..., <zero> of ... ]
gap> P2 := SemidirectProductOfAlgebras( Q2, act2, A2 );
Q2 |X A2
gap> Embedding( P2, 1 );
[v.1, v.2 1 > [ v.1, v.2 ]
gap> Embedding( P2, 2 );
rtco,1,2,31,[0,0,1,21,[0,0,0,11,[0,0,0,011,
rro,o,1,41,00,0,0,11,[0,0,0,01, [0,0,0,011,
rfo,o0,0,1131,[0,0,0,01,[0,0,0,01,[0,0,0,01171 >
[ v.3, v.4, v.5 ]
2.5.2 SemidirectProductOfAlgebrasInfo
> SemidirectProductOfAlgebrasInfo (P) (attribute)

The SemidirectProduct0fAlgebrasInfo(P) for P = R x S is a record with fields P.action;
P.algebras; P.embeddings; and P.projections.
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2.6 Lists of algebra homomorphisms

2.6.1 AllAlgebraHomomorphisms

> Al1AlgebraHomomorphisms (4, B)
> AllBijectiveAlgebraHomomorphisms(4, B)
> AllTIdempotentAlgebraHomomorphisms (4, B)
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(operation)
(operation)

(operation)

These three operations list all the homomorphisms from A to B of the specified type. These lists

can get very long, so the operations should only be used with small algebras.

Example

gap> A2c6 := GroupRing( GF(2), Group( (1,2,3,4,5,6) ) );;
gap> R2c3 := GroupRing( GF(2), Group( (7,8,9) ) );;

gap> homAR := AllAlgebraHomomorphisms( A2c6, R2c3 );;
gap> List( homAR, h -> MappingGeneratorsImages(h) );

[ [ [ (z(2)~0)*(1,6,5,4,3,2) 1, [ <zero> of ... 11,
[ [ (Z(2)~0)*(1,6,5,4,3,2) 1, [ (z(2~0)*x() 11,
[ [ (Zz(2)~0)*(1,6,5,4,3,2) 1, [ (Z(2)~0)*(O+(z(2)~0)*(7,8,9) 1 1],
[ [ (Z(2)~0)*(1,6,5,4,3,2) 1,
[ (Z(2)~0)*x()+(Z(2)~0)*(7,8,9)+(Z(2)~0)*(7,9,8) 1 1,
[ [ (Z(2)~0)%(1,6,5,4,3,2) 1, [ (Z(2)~0)*x()+(Z2(2)~0)*(7,9,8) 1 1,
[ [ (Z(2)~0)*(1,6,5,4,3,2) 1, [ (2(2)~0)*(7,8,9) 1 1,
[ [ (Z(2)~0)*(1,6,5,4,3,2) 1, [ (2(2)~0)*(7,8,9)+(Z(2)~0)*(7,9,8) 1 1,
[ [ (Z(2)~0)*(1,6,5,4,3,2) 1, [ (Z(2)"0)*(7,9,8) 11 1]

gap> homRA := AllAlgebraHomomorphisms( R2c3, A2c6 );;
gap> List( homRA, h -> MappingGeneratorsImages(h) );

[ L[ (Z@2"0)*(7,8,9) 1, [ <zero> of ... 11,
[ [ @Z@-0*(7,8,9) 1, [ Z2~0*xO 11,
[ [ (Z@2)~0)*(7,8,9) 1, [ (Z(2)~0)*x()+(2(2)~0)*(1,3,5)(2,4,6) 1 1,
[ [ (Z(2)~0)*(7,8,9) 1,

[ (Z(2)~0)*O+(Z(2)70)*(1,3,5)(2,4,6)+(Z(2)"0)*(1,5,3)(2,6,4) ] ],
[ [ @Z@~0*(7,8,9) 1, [ (Z(2~0)*x(O+(Z(2)~0)*(1,5,3)(2,6,4) ] 1,
[ [ @Z@2-0%*(7,8,9) 1, [ (2(2)70)%(1,3,5)(2,4,6) 11,

[ [ (Z(2)~0)*(7,8,9) 1, [ (Z(2)~0)*(1,3,5)(2,4,6)+(2(2)70)*(1,5,3)(2,6,4) ]

1, [ [ (Z2)~0)=(7,8,9) 1, [ (2(2)~0)*(1,5,3)(2,6,4) 1 1 1]
gap> bijAA := AllBijectiveAlgebraHomomorphisms( A2c6, A2c6 );;
gap> List( bijAA, h -> MappingGeneratorsImages(h) );
[ [[(zZ(2)-0)x(1,6,5,4,3,2) 1,
[ (Z(2)~0)*x(+(Z(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,4)(2,56)(3,6) 1 1,
[ [ (z(2)~0)%(1,6,5,4,3,2) 1,
[ (Z(2)70)*x()+(2(2)70)*(1,4) (2,5) (3,6)+(Z2(2)~0)*(1,5,3)(2,6,4) 1 1,
[ [ (2(2)~0)*(1,6,5,4,3,2) 1, [ (Z(2)~0)*(1,2,3,4,5,6) ] 1,
[ [ (Zz(2)~0)*(1,6,5,4,3,2) 1,
[ (Z(2)-0)*(1,2,3,4,5,6)+(Z(2)"0)*(1,3,5) (2,4,6)+(Z(2)"0)*(1,5,3)
(2,6,4) 11,
[ [ (Z(2)~0)*(1,6,5,4,3,2) 1,
[ (Z(2)-0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(Z(2)~0) *
(1,6,5,4,3,2) 11,
[ [ (Z2(2)~0)%(1,6,5,4,3,2) 1, [ (Z(2)"0)*(1,6,5,4,3,2) 1 11
gap> ideAA := AllIdempotentAlgebraHomomorphisms( A2c6, A2c6 );;
gap> Length( ideAA );
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Chapter 3

Catl-algebras

3.1 Definitions and examples

Algebraic structures which are equivalent to crossed modules of algebras include :
. catl—algebras, (Ellis, [ElI88]);
* simplicial algebras with Moore complex of length 1, (Z. Arvasi and T.Porter, [AP96]);
* algebra-algebroids, (Gaffar Musa’s Ph.D. thesis, [Mos86]).

In this section we describe an implementation of cat! -algebras and their morphisms.

The notion of a cat!-group was defined as an algebraic model of 2-types by Loday in [Lod82].
Then Ellis defined cat! -algebras in [EII88].

Let A and R be k-algebras, lett,h : A — R be surjections, and let e : R — A be an inclusion.

A

If the conditions,
CatlAlgl : e = idg = he, CatlAlg2: (kerz)(kerh) = {04}

are satisfied, then the algebraic system & := (e;t,h: A — R) is called a cat' -algebra. A system which
satisfies the condition Cat1Algl is called a precat' -algebra. The homomorphisms ¢, 4 and e are called
the tail map, head map and range embedding homomorphisms, respectively.

3.1.1 CatlAlgebra

> CatlAlgebra(args) (function)
> PreCatl1AlgebraByEndomorphisms(t, h) (operation)
> PreCatlAlgebraByTailHeadEmbedding(t, h, e) (operation)
> PreCatlAlgebra(args) (function)

17
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> IsIdentityCatiAlgebra(C) (property)
> IsCatlAlgebra(C) (property)
> IsPreCatlAlgebra(C) (property)

The operations PreCat1AlgebraByEndomorphisms and PreCat1AlgebraByTailHeadEmbedding
are used with particular choices of algebra homomorphisms. The operations listed above are used for
the construction of precat! - and cat!-algebras. The functions PreCat1Algebra and Cat1Algebra
select the appropriate operation to suit the user’s input.

3.1.2 Source (for catl-algebras)

> Source(C) (attribute)
> Range ( C ) (attribute)
> TailMap (o) (attribute)
> HeadMap ( C ) (attribute)
> RangeEmbedding(C) (attribute)
> Kernel(C) (method)
> KernelEmbedding(C) (attribute)
> Boundary (C) (attribute)
> Size2d(C) (attribute)
> Dimension(C) (attribute)

These are the nine main attributes of a pre-cat' -algebra.
In the example we use homomorphisms between A2c6 and I2c6 constructed in section 2.6.

Example

gap> t4 := homAR[8];

[ (Z(2)~0)*(1,6,5,4,3,2) 1 -> [ (Z(2)°0)*(7,9,8) 1]
gap> e4 := homRA[8];

[ (Z(2)~0)*(7,8,9) 1 -> [ (Z2(2)-0)=*(1,5,3)(2,6,4) 1
gap> C4 := PreCatlAlgebraByTailHeadEmbedding( t4, t4, e4 );
[AlgebraWithOne( GF(2), [ (Z(2)~0)*(1,2,3,4,5,6)

1 ) -> AlgebraWithOne( GF(2), [ (Z(2)~0)x*(7,8,9) 1 )]
gap> IsCatlAlgebra( C4 );

true

gap> Size2d( C4 );

[ 64, 8]

gap> Dimension( C4 );

[ 6, 3]

gap> Display( C4 );

Catl-algebra [..=>..] :-

: source algebra has generators:
[ (2(2)~0)*O), (Z2(2)70)*(1,2,3,4,5,6) ]
range algebra has generators:
[ (Z(2)~0)*(), (2(2)70)*(7,8,9) ]

: tail homomorphism maps source generators to:
[ Z@~0)*O, (Z2(2)70)*(7,8,9) ]

: head homomorphism maps source generators to:
[ (Z(2)~0)*(), (2(2)70)*(7,8,9) ]
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: range embedding maps range generators to:
[ (Z(2)~0)*xO, (Z2(2)70)*(1,5,3)(2,6,4) ]
: kernel has generators:
[ (Z(2)~0)*x()+(2(2)~0)*(1,4)(2,5)(3,6), (2(2)~0)*(1,2,3,4,5,6)+(Z(2)"0)*
(1,5,3)(2,6,4), (2(2)-0)*(1,3,5)(2,4,6)+(2(2)"0)*(1,6,5,4,3,2) ]
: boundary homomorphism maps generators of kernel to:
[ <zero> of ..., <zero> of ..., <zero> of ... ]
: kernel embedding maps generators of kernel to:
[ (Z(2)~0)*xO+(Z(2)~0)*(1,4)(2,5)(3,6), (2(2)~0)*(1,2,3,4,5,6)+(Z(2)~0)*
(1,5,3)(2,6,4), (2(2)°0)*(1,3,5)(2,4,6)+(2(2)"0)*(1,6,5,4,3,2) ]
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3.1.3 CatlAlgebraSelect

> CatlAlgebraSelect(GFnum, gpsize, gpnum, num)

(operation)

The Cat1Algebra (3.1.1) function may also be used to select certain cat!-group-algebras from
the data file included with this package. Data for these cat! -structures on commutative group algebras
is stored in a list in file catlalgdata.g. This data is read into the list CAT1ALG_LIST only when this

function is called.
The function Cat1AlgebraSelect may be used in four ways:

* CatlAlgebraSelect( n ) returns the list of possible group orders when Galois field GF (n),

with n € [2,3,4,5,7], is used to form cat! -group-algebra structures.

* CatlAlgebraSelect( n, m ) returns the list of available group numbers of size m with which

to form cat' -group-algebra structures with given Galois field GF ().

s CatlAlgebraSelect( n, m, k ) prints the list of possible cat!-group-algebra structures
with given Galois field GF (n) and group number k of size m. The number of these structures is

returned.

* CatlAlgebraSelect( n, m, k, j ) (or simply CatlAlgebra( n, m, k, j )) returns

the j-th cat' -group-algebra structure with these other parameters.

Now, we give examples of the use of this function.

Example

[2,3,4,5,7]1]
Usage: CatlAlgebra( GFnum, gpsize, gpnum, num );
fail
gap> C := CatlAlgebraSelect( 4, 12 );

| 12 is invalid value for size of group (gpsize) |
| Available values for gpsize with GF(4) in the data: |
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Usage: CatlAlgebra( GFnum, gpsize, gpnum, num ) ;
[ 1’ 2, 3, 4’ 5’ 6, 7, 8’ 9 ]
gap> C := CatlAlgebraSelect( 2, 6, 3 );

| 3 is invalid value for groups of order 6 |
| Available values for gpnum for groups of size 6 : |

Usage: CatlAlgebra( GFnum, gpsize, gpnum, num );

(1, 2]

gap> C := CatlAlgebraSelect( 2, 6, 2 );

There are 4 catl-structures for the group algebra GF(2)_c6.

Range Alg Tail Head

= |
| GF(2)_c6 identity map identity map |
| ----- (2, 10] (2, 10] |
| -——-- [ 2, 14] [ 2, 14] |
| - [ 2, 50 ] [ 2, 50 ] |

Usage: CatlAlgebra( GFnum, gpsize, gpnum, num );
Algebra has generators [ (Z(2)~0)*(), (Z(2)~0)*(1,2,3)(4,5) ]
4

The algebra GF (n) _gp has a list of n/$”! elements. The [2, 10] in the second structure above indicates
that the tail map, and also the head map, of the cat'-algebra maps the two generators of c6 to the

second and tenth elements of this algebra respectively.
Example

gap> CO := CatlAlgebraSelect( 4, 6, 2, 2 );
[GF(2~2) _c6 -> Algebra( GF(2°2),
[ (Z(2)~0)*xO), (Z(2)~0)*(O+(Z(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,4)(2,5) (3,6)+(
Z(2)~0)*(1,5,3)(2,6,4)+(2(2)-0)*(1,6,5,4,3,2) 1 )]
gap> Size2d( CO );
[ 4096, 1024 ]
gap> Dimension( CO );
[6, 5]
gap> Display( CO );
Catl-algebra [GF(272)_c6=>..] :-
: source algebra has generators:
[ (Z(2)~0)*(O, (2(2)~0)*=(1,2,3,4,5,6) ]
range algebra has generators:
[ (Z(2)70)*x(), (Z(2)~0)*x()+(Z(2)~0)*(1,3,5)(2,4,6)+(Z2(2)"0)*(1,4)(2,5)
(3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(2(2)"0)*(1,6,5,4,3,2) ]
: tail homomorphism maps source generators to:
[ (Z(2~0)*xO, (Z(2)~0)*(O+(Z(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,4)(2,5)
(3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(Z(2)~0)*(1,6,5,4,3,2) ]
: head homomorphism maps source generators to:
[ (Z(2)70)*(), (Z(2)~0)*xO)+(Z(2)70)*(1,3,5)(2,4,6)+(2(2)"0)*(1,4)(2,5)
(3,6)+(Z(2)-0)*(1,5,3)(2,6,4)+(Z2(2)~0)*(1,6,5,4,3,2) ]
: range embedding maps range generators to:
[ (Z(2)~0)*xO, (Z(2)~0)*(O+(2(2)~0)*(1,3,5)(2,4,6)+(Z(2)~0)*(1,4)(2,5)
(3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(2(2)~0)*(1,6,5,4,3,2) 1]
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: kernel has generators:
[ (Z(2)~0)*x()+(Z(2)~0)*(1,2,3,4,5,6)+(Z(2)70)*(1,3,5) (2,4,6)+(Z(2)"0)*(1,4)
(2,5)(3,6)+(Z(2)"0)*(1,5,3)(2,6,4)+(2(2)"0)*(1,6,5,4,3,2) ]
: boundary homomorphism maps generators of kernel to:
[ <zero> of ... ]
: kernel embedding maps generators of kernel to:
[ (Z(2)~0)*x()+(Z(2)~0)*(1,2,3,4,5,6)+(Z(2)"0)*(1,3,5) (2,4,6)+(Z(2)~0)*(1,4)
(2,5) (3,6)+(Z(2)~0)*(1,5,3)(2,6,4)+(Z(2)~0)*(1,6,5,4,3,2) ]

3.1.4 SubCatlAlgebra

> SubCatlAlgebra(alg, src, rng) (operation)
> SubPreCatlAlgebra(alg, src, rng) (operation)
> IsSubCatlAlgebra(alg, sub) (operation)
> IsSubPreCatlAlgebra(alg, sub) (operation)

Let € = (e;t,h: A — R) be a cat! -algebra, and let A/, R’ be subalgebras of A and R respectively.
If the restriction morphisms

' =tlp:A =R, W=nhly:A—FR, d=elp:R —A

satisfy the CatlAlgl and Cat1Alg2 conditions, then the system ¢’ = (¢/;¢/,h/ : A" — R') is called a
subcat' -algebra of € = (e;t,h: A — R).

If the morphisms satisfy only the Cat1Algl condition then ¢” is called a sub -precat' -algebra of
.

The operations in this subsection are used for constructing subcat!-algebras of a given
cat! -algebra.

Example

gap> C6 := CatlAlgebraSelect( 2, 6, 2, 4 );;

gap> A6 := Source( C6 );

GF(2) _c6

gap> B6 := Range( C6 );

<algebra of dimension 3 over GF(2)>

gap> eA6 := Elements( A6 );;

gap> eB6 := Elements( B6 );;

gap> SA6 := Subalgebra( A6, [ eA6[1], eA6[2], eA6[3] ] );
<algebra over GF(2), with 3 generators>

gap> [ Size(A6), Size(SA6) 1;

[ 64, 41

gap> SB6 := Subalgebra( B6, [ eB6[1], eB6[2] 1 );
<algebra over GF(2), with 2 generators>

gap> [ Size(B6), Size(SB6) 1;

[8, 2]

gap> SC6 := SubCatlAlgebra( C6, SA6, SB6 );

[Algebra( GF(2), [ <zero> of ..., (Z(2)~0)*(), (Z(2)~0)*()+(Z(2)~0)*(4,5)
1) -> Algebra( GF(2), [ <zero> of ..., (Z(2)°0)*() 1 )]

gap> Display( SC6 );
Catl-algebra [..=>..] :-
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: source algebra has generators:
[ <zero> of ..., (Z(2)70)x(), (Z(2)~0)*()+(Z(2)~0)*(4,5) ]
range algebra has generators:
[ <zero> of ..., (Z(2)~0)*x() ]
: tail homomorphism maps source generators to:
[ <zero> of ..., (Z(2)"0)*(), <zero> of ... ]
: head homomorphism maps source generators to:
[ <zero> of ..., (Z(2)~0)*(), <zero> of ... ]
: range embedding maps range generators to:
[ <zero> of ..., (Z(2)~0)*() ]
: kernel has generators:
[ <zero> of ..., (Z(2)~0)*x()+(Z(2)~0)*(4,5) ]
: boundary homomorphism maps generators of kernel to:
[ <zero> of ..., <zero> of ... ]
: kernel embedding maps generators of kermel to:
[ <zero> of ..., (Z(2)70)*x()+(Z(2)~0)*(4,5) ]
gap> IsSubCatlAlgebra( C6, SC6 );
true
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3.2 Cat!—algebra morphisms

Let¢ = (e;t,h:A—R), €' = (¢;t',h : A’ — R') be cat! -algebras, andlet ¢ : A — A’ and ¢ : R — R’

be algebra homomorphisms. If the diagram

A—A

- s R

9

commutes, (i.e. o =@or, hop =@oh and ¢ o @ = ¢ oe), then the pair (¢, @) is called a

cat! -algebra morphism.

3.2.1 CatlAlgebraMorphism

> CatlAlgebraMorphism(arg) (function)
> PreCatlAlgebraMorphism(arg) (function)
> IdentityMapping(C) (method)
> PreCatlAlgebraMorphismByHoms (src, rng, srchom, rnghom) (operation)
> CatlAlgebraMorphismByHoms (src, rng, srchom, rnghom) (operation)
> IsPreCatlAlgebraMorphism(mor) (property)
> IsCatlAlgebraMorphism(mor) (property)

These operations are used for constructing cat!-algebra morphisms. Details of the implementa-

tions can be found in [Oda09].
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3.2.2 Source (for morphisms of catl-algebras)

> Source (m)
> Range (m)

> IsTotal (m)
> IsSingleValued(m)
> Name (m)

> Boundary (m)

These are the six main attributes of a cat! -algebra morphism.
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(attribute)
(attribute)
(method)
(method)
(method)
(attribute)

Example

gap> C1 := CatlAlgebraSelect( 2, 1, 1, 1 );

[GF(2) _triv -> GF(2)_triv]

gap> Display( C1 );

Catl-algebra [GF(2)_triv=>GF(2)_triv] :-

: source algebra has generators:
[ (Z(2)70)*x(), (Z(2)~0)*() 1]
range algebra has generators:
[ Z(2)~0)*(O), (Z(2)~0)*(O) ]

: tail homomorphism maps source generators to:
[ (Z(2)70)*x(), (Z(2)70)*() 1]

: head homomorphism maps source generators to:
[ Z(2)~0)*(O), (Z(2)~0)*(O) ]

: range embedding maps range generators to:
[ (Z(2)~0)*x(), (Z(2)70)*(O) 1]

: the kernel is trivial.

gap> C2 := CatlAlgebraSelect( 2, 2, 1, 2 );

[GF(2)_c2 -> GF(2)_triv]

gap> Display( C2 );

Catl-algebra [GF(2)_c2=>GF(2)_triv] :-

: source algebra has generators:
[ (Z(2)~0)*O, (Z(2)70)*(1,2) ]
range algebra has generators:
[ Z(2)~0)*(O, (Z(2)~0)*(O) ]

: tail homomorphism maps source generators to:
[ (Z(2)70)*(), (Z(2)70)*(O) 1]

: head homomorphism maps source generators to:
[ (Z(2)70)*x(), (Z(2)~0)*() 1]

: range embedding maps range generators to:
[ Z(2)~0)*(O), (Z(2)~0)*(O) ]

: kernel has generators:
[ (Z(2)~0)*x(O+(Z(2)~0)*(1,2) ]

: boundary homomorphism maps generators of kermel to:
[ <zero> of ... ]

: kernel embedding maps generators of kernel to:
[ (Z(2)70)xO+(Z(2)~0)*(1,2) ]

gap> C1 = C2;

false

gap> SC1 := Source( C1 );;

gap> SC2 := Source( C2 );

GF(2) _c2
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gap> RC1 := Range( C1 );;

gap> RC2 := Range( C2 );;

gap> gSC1 := GeneratorsOfAlgebra( SC1 );

[ (Z(2)~0)*(O), (Z2(2)70)*() 1]

gap> gSC2 := GeneratorsOfAlgebra( SC2 );

[ (Z(2)~0)*(O, (2(2)~0)*(1,2) ]

gap> gRC1 := GeneratorsOfAlgebra( RC1 );

[ (Z(2)~0)*(O, (Z(2)~0)*() 1]

gap> gRC2 := GeneratorsOfAlgebra( RC2 );

[ (Z(2)~0)*xO, (Z(2)~0)*(O ]

gap> imS := [ gSC2[1], gSc2[1] 1;

[ (Z(2)~0)*O, (Z(2)~0)*(O ]

gap> homS := AlgebraHomomorphismByImages( SC1, SC2, gSC1l, imS );
[ (Z(2)~0)*(O), (Z2)~0)*xO) 1 -> [ (Z(2)~0)*(O, (Z2(2)~0)*() 1]
gap> imR := [ gRC2[1], gRC2[1] ];

[ (Z(2)~0)*O, (Z(2)~0)*(O ]

gap> homR := AlgebraHomomorphismByImages( RC1, RC2, gRCl, imR );
[ (Z(2)~0)*O, (Z(2)~0*xO 1 -> [ (Z(2)~0)*x(O, (Z(2)~0)*( 1]
gap> ml12 := CatlAlgebraMorphism( C1, C2, homS, homR );
[[GF(2) _triv=>GF(2) _triv] => [GF(2)_c2=>GF(2)_triv]]

gap> Display( m12 );

Morphism of catl-algebras :-
: Source = [GF(2)_triv=>GF(2)_triv] with generating sets:
[ Z(2)~0)*(O), (Z(2)~0)*(O) ]
[ (2(2)~0)*O, (Z(2)~0)*() 1]
: Range = [GF(2)_c2=>GF(2)_triv] with generating sets:
[ (Z(2)~0)*x(O, (Z(2)~0)*(1,2) ]
[ (Z(2)~0)*(O, (Z(2)~0)*() 1
: Source Homomorphism maps source generators to:
[ (Z(2)~0)*(), (Z(2)~0)*(O) ]
: Range Homomorphism maps range generators to:

[ (Z(2)70)*x(), (Z(2)70)*() 1

## gap> Image2dAlgMapping( mi12 );
## [GF(3)_c2~3=>GF(3) _c273]

gap> IsSurjective( ml12 );

false

gap> IsInjective( mi12 );

true

gap> IsBijective( ml12 );

false

3.2.3 ImagesSource2DimensionalMapping

> ImagesSource2DimensionalMapping(m) (operation)

When (6, ¢) is a homomorphism of cat1-algebras (or crossed modules) this operation returns the

image crossed module.
Example
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gap> iml2 := ImagesSource2DimensionalMapping( mi2 );;
gap> Display( iml2 );
Catl-algebra [..=>..] :-
: source algebra has generators:
[ (Z(2)~0)*x(), (Z(2)70)*(O) 1]
range algebra has generators:
[ (Z(2)~0)*(O ]
: tail homomorphism maps source generators to:
[ (Z(2)~0)*(), (Z(2)~0)*(O) ]
: head homomorphism maps source generators to:
[ (Z(2)70)*x(), (Z(2)70)*(O) 1]
: range embedding maps range generators to:
[ (Z(2)~0)*(O ]

: the kernel is trivial.
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Chapter 4

Crossed modules

In this chapter we will present the notion of crossed modules of commutative algebras and their im-
plementation in this package.

4.1 Definition and Examples
A crossed module is a K-algebra morphism 2" := (d : S — R) with a left action of R on S satisfying
XModAlg 1 : d(r-s) =r(ds), XModAlg 2 : (ds) -5’ =ss',

for all s,s" € S, r € R. The morphism d is called the boundary map of 2

Note that, although in this definition we have used a left action, in the category of commutative
algebras left and right actions coincide.

When only the first axiom is satisfied, it is a precrossed module which is constructed.

The details of these implementations can be found in [Oda09].

4.1.1 XModAlgebra

> XModAlgebra(args) (function)
> PreXModAlgebra(args) (function)
> IsXModAlgebra(X0) (property)
> IsPreXModAlgebra (X0) (property)

These two global function call one of the following six operations, depending on the arguments
supplied. The two properties listed are assigned as appropriate to the resulting structures.

4.1.2 XModAlgebraByldeal
> XModAlgebraBylIdeal 4, D (operation)
Let A be an algebra and  an ideal of A. Then 2" = (inc : I — A) is a crossed module whose action

is left multiplication of A on I. Conversely, given a crossed module 2" = (d : § — R), it is the case
that d(S) is an ideal of R.
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Example

gap> F5 := GF(5);;
gap> id5 := One( F5 );;
gap> two := Z(5);;
gap> zb := Zero( F5 );;

gap> n0 := [ [id5,z5,z5], [z5,id5,z5], [z5,z5,id5] 1;;
gap> n1 := [ [z5,id5,two"3], [z5,z5,id5], [z5,z5,z5] 1;;
gap> n2 := [ [z5,z5,id5], [z5,z5,z5], [z5,z5,z5] 1;;
gap> An := Algebra( F5, [ n0, nl ] );;

gap> SetName( An, "An" );

gap> Bn := Subalgebra( An, [ n1 ] );;

gap> SetName( Bn, "Bn" );

gap> IsIdeal( An, Bn );

true

gap> actn := AlgebraActionByMultipliers( An, Bn, An );;
gap> Xn := XModAlgebraByIdeal( An, Bn );

[ Bn -> An ]

gap> SetName( Xn, "Xn" );

4.1.3 AugmentationXMod

> AugmentationXMod (4) (attribute)

As a special case of the previous operation, the attribute AugmentationXMod (A) of a group alge-
bra A is the XModAlgebraByIdeal formed using the AugmentationIdeal of the group algebra.

Example

gap> Ak4 := GroupRing( GF(5), DihedralGroup(4) );
<algebra-with-one over GF(5), with 2 generators>
gap> Size( Ak4 );
625
gap> SetName( Ak4, "GF5[k4]" );
gap> IAk4 := AugmentationIdeal( Ak4 );
<two-sided ideal in GF5[k4], (2 generators)>
gap> Size( IAk4 );
125
gap> SetName( IAk4, "I(GF5[k4]1)" );
gap> XIAk4 := XModAlgebraByIdeal( Ak4, IAk4 );
[ I(GF5[k4]) -> GF5[k4] 1
gap> Display( XIAk4 );
Crossed module [I(GF5[k4])->GF5[k4]] :-
: Source algebra I(GF5[k4]) has generators:
[ (Z(5)~2)*<identity> of ...+(Z(5)"~0)*f1, (Z(5)~2)*<identity> of ...+(Z(5)"

0)*f2 ]
: Range algebra GF5[k4] has generators:
[ (Z(5)~0)*<identity> of ..., (Z(5)"0)*f1, (Z(5)~0)*f2 ]

: Boundary homomorphism maps source generators to:
[ (Z(5)~2)*<identity> of ...+(Z(5)~0)*f1, (Z(5)~2)*<identity> of ...+(Z(5)"
0)*£2 ]
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gap> Size2d( XIAk4 );
[ 125, 625 ]

4.1.4 Source (for crossed modules of commutative algebras)

> Source (X0) (attribute)
> Range (X0) (attribute)
> Boundary (X0) (attribute)
> XModAlgebraAction(X0) (attribute)

These four attributes are used in the construction of a crossed module 2~ where:
* Source(X) and Range (X) are the source and the range of the boundary map respectively;
* Boundary(X) is the boundary map of the crossed module 2";

* XModAlgebraAction(X) is the action used in the crossed module. This is an algebra homo-
morphism from Range (X) to an algebra of endomorphisms of Source (X).

The following standard GAP operations have special XModAlg implementations:
* Display(X) is used to list the components of .Z";
* Size2d (X) for a crossed module 2" returns a 2-element list, the sizes of the source and range,

e Dimension(X) for a crossed module 2" returns a 2-element list, the dimensions of the source
and range,

* Name (X) is used for giving a name to the crossed module 2" by associating the names of source
and range algebras.

In the following example, we construct a crossed module by using the algebra GF5D4 and its augmen-
tation ideal. We also show usage of the attributes listed above.

Example

gap> Representations0f0bject( XIAk4 );

[ "IsComponentObjectRep", "IsAttributeStoringRep", "IsPreXModAlgebraObj" ]

gap> KnownPropertiesOfObject( XIAk4 );

[ "CanEasilyCompareElements", "CanEasilySortElements", "IsDuplicateFree",
"IsLeftActedOnByDivisionRing", "IsAdditivelyCommutative", "IsLDistributive",
"IsRDistributive", "IsPreXModDomain", "Is2dAlgebraObject",
"IsPreXModAlgebra", "IsXModAlgebra" ]

gap> KnownAttributes0fObject( XIAk4 );

[ "Name", "LeftActingDomain", "Range", "Source", "Boundary", "Size2d",
"XModAlgebraAction" ]
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4.1.5 XModAlgebraByMultiplierAlgebra

> XModAlgebraByMultiplierAlgebra(4) (operation)

When A is an algebra with multiplier algebra M, then the map A — M, a — U, is the boundary of
a crossed module in which the action is the identity map on M.

Example

gap> XAn := XModAlgebraByMultiplierAlgebra( An );

[ An -> <algebra of dimension 3 over GF(5)> ]

gap> XModAlgebraAction( XAn );

IdentityMapping( <algebra of dimension 3 over GF(5)> )

4.1.6 XModAlgebraBySurjection

> XModAlgebraBySurjection(f) (operation)

Let d : S — R be a surjective algebra homomorphism whose kernel lies in the annihilator
of S. Define the action of R on S by r-s = 7s where 7 € d~!(r), as described in section
AlgebraActionBySurjection (2.2.3). Then 2 = (d : S — R) is a crossed module with the de-
fined action.

Continuing with the example in that section,

Example

gap> X2 := XModAlgebraBySurjection( nat2 );;
gap> Display( X2 );
Crossed module [A2->Q2] :-
: Source algebra A2 has generators:
ttrto,t 2,381, 00,0,1,21,[0,0,0,11, [0,0,0,011]1
: Range algebra Q2 has generators:
[ v.1, v.2 1]
: Boundary homomorphism maps source generators to:
[ v.1]

4.1.7 XModAlgebraByBoundaryAndAction

> XModAlgebraByBoundaryAndAction(bdy, act) (operation)
> PreXModAlgebraByBoundaryAndAction(bdy, act) (operation)

When a suitable pair of algebra homomorphisms are available, these operations may be used. The
example uses the algebra action created in section 2.2.4.

Example

gap> bdy3 := AlgebraHomomorphismByImages( Rc3, A3, [ g3 1, [m3 1] );
[ (D*x(1,2,31 >C[C[0,1,071,[0,0,1]1,[1,0,011]
gap> X3 := XModAlgebraByBoundaryAndAction( bdy3, actg3 );

[ GR(c3) -> A3 ]
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gap> Display( X3 );

Crossed module [GR(c3) -> A3] :-

: Source algebra GR(c3) has generators:
[ (D*xO, (1)%(1,2,3) 1]

: Range algebra A3 has generators:
rcro,1,01,00,0,11,[1,0,011]1

: Boundary homomorphism maps source generators to:
rrci,0,01,00,1,01,[0,0,111,
tro,101,00,0,11,[01,0,011]1

4.1.8 XModAlgebraByModule

> XModAlgebraByModule(alg, leftmod) (operation)
Let M be an A-module. Then 2" = (0: A(M) — A) is a crossed module, where A(M) is M

considered as an algebra with zero products (see section 2.3.1). The example uses the action act3
constructed in section 2.3.4.

Conversely, given a crossed module 2 = (d : M — R), one can get that kerd is a
(R/9dM)-module.

Example

gap> Y3 := XModAlgebraByModule( A3, M3 );

[ A(M3) -> A3 ]

gap> Image( XModAlgebraAction( Y3 ), m3 ) = Image( act3, m3 );

true

gap> Display( Y3 );

Crossed module [A(M3) -> A3] :-

: Source algebra A(M3) has generators: [ [[ 1, 0, 011, [[O0, 1, 011,
(£o,o0, 1111

: Range algebra A3 has generators:

rrro,1,01,00,0,11,[1,0,011]1

: Boundary homomorphism maps source generators to:

tfro, o, o 1, [o0,0,01,[0,0,011,

0,0,01,[0,0,01, [0,0,011,

0,0,01,[0,0,01, [0,0,011]1

Lo B |
— o/

4.1.9 SubXModAlgebra

> SubXModAlgebra(alg, src, rng)
> IsSubXModAlgebra(alg, sub)

(operation)

(operation)

A crossed module 2" = (9" : §' — R’) is a subcrossed module of the crossed module 2™ = (9 :
S—R)if S <S,R <R,Jd =Jd|y, and the action of §’ on R’ is induced by the action of R on S. The
operation SubXModAlgebra is used to construct a subcrossed module of a given crossed module.

Example

gap> e4 := Elements( IAk4 )[4];
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(Z(5)~0)*<identity> of ...+(Z(5)~0)*f1+(Z(5)~2)*£2+(Z(5)"~2)*f1*f2
gap> Je4 := Ideal( IAk4, [e4] );;

gap> SetName( Je4, "<e4>" );

gap> Ke4 := Subalgebra( Ak4, [e4] );;

gap> [ Size( Jed ), Size( Ked ) 1;

[5, 5]

gap> Se4 := SubXModAlgebra( XIAk4, Je4, Ked );

[ <e4> -> <algebra of dimension 1 over GF(5)> ]

gap> IsSubXModAlgebra( XIAk4, Se4 );

true

gap> Display( Se4d );

Crossed module [<e4> -> ..] :-

: Source algebra <e4> has generators:

[ (Z(5)~0)*<identity> of ...+(Z(5)"0)*£1+(Z(5)~2)*f2+(Z(5)~2)*f1*f2 ]
: Range algebra has generators:

[ (Z(5)~0)*<identity> of ...+(Z(5)"0)*f1+(Z(5)"2)*£2+(Z(5)"~2)*f1*f2 ]
: Boundary homomorphism maps source generators to:

[ (Z(5)~0)*<identity> of ...+(Z(5)"0)*£1+(Z(5)~2)*£2+(Z(5)~2)*f1*f2 ]

4.2 (Pre-)Crossed Module Morphisms

Let 2 =(d:S—R)and 27/ = (d': S — R’) be (pre)crossed modules and let 6 : S — S, ¢ : R — R’
be algebra homomorphisms. Then if

Qod=20300, 0(r-s)=o(r)-0(s),

forall r € R, s € S, the pair (0, @) is called a morphism between 2~ and 2"/
The conditions can be thought as the commutativity of the following diagrams:

0 Ppx0

S§———=¢ RxS——R' xS
d J'

/ /
R—><P R S ————9.

In GAP we define the morphisms between algebraic structures such as cat! -algebras and crossed
modules and they are investigated by the function Make2dAlgebraMorphism.

4.2.1 XModAlgebraMorphism

> XModAlgebraMorphism(arg) (function)
> IdentityMapping(Xalg) (method)
> PreXModAlgebraMorphismByHoms (src, rng, srchom, rnghom) (operation)
> XModAlgebraMorphismByHoms (src, rng, srchom, rnghom) (operation)
> IsPreXModAlgebraMorphism(mor) (property)
> IsXModAlgebraMorphism(mor) (property)
> Source (mor) (attribute)
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> Range (mor) (attribute)
> IsTotal (mor) (method)
> IsSingleValued(mOr) (method)
> Name (mor) (method)

These operations construct crossed module homomorphisms, which may have the attributes listed.

Example

gap> c4 := CyclicGroup( 4 );;

gap> Ac4 := GroupRing( GF(2), c4 );
<algebra-with-one over GF(2), with 2 generators>
gap> SetName( Ac4, "GF2[c4]" );

gap> IAc4 := AugmentationIdeal( Ac4 );
<two-sided ideal in GF2[c4], (dimension 3)>

gap> SetName( IAc4, "I(GF2[c4])" );

gap> XIAc4 := XModAlgebra( Ac4, IAcd );

[ I(GF2[c4]) -> GF2[c4] ]

gap> Bk4 := GroupRing( GF(2), SmallGroup( 4, 2 ) );
<algebra-with-one over GF(2), with 2 generators>
gap> SetName( Bk4, "GF2[k4]" );

gap> IBk4 := AugmentationIdeal( Bk4 );
<two-sided ideal in GF2[k4], (dimension 3)>

gap> SetName( IBk4, "I(GF2[k41)" );

gap> XIBk4 := XModAlgebra( Bk4, IBk4 );

[ I(GF2[k4]) -> GF2[k4] 1

gap> IAc4 = IBk4;

false
gap> homIAIB := AllAlgebraHomomorphisms( IAc4, IBk4 );;
gap> theta := homIAIB[3];;

gap> homAB := AllAlgebraHomomorphisms( Ac4, Bk4 );;

gap> phi := homAB[7];;

gap> mor := XModAlgebraMorphism( XIAc4, XIBk4, theta, phi );
[[I(GF2[c4])->GF2[c4]] => [I(GF2[k4])->GF2[k4]1]1]

gap> Display( mor );

Morphism of crossed modules :-
: Source = [I(GF2[c4])->GF2[c4]]

Range = [I(GF2[k4])->GF2[k4]]

: Source Homomorphism maps source generators to:

[ <zero> of ..., (Z(2)"0)*<identity> of ...+(Z(2)~0)*f1+(Z(2)~0)*f2+(Z(2)"
0)*f1xf2, (Z(2)~0)*<identity> of ...+(Z(2)~0)*£1+(Z(2)~0)*f2+(Z(2)"
0)*£1%£2 ]

: Range Homomorphism maps range generators to:
[ (Z(2)~0)*<identity> of ..., (Z(2)~0)*£1+(Z(2)~0)*£2+(Z(2)~0)*f1*f2,
(Z(2)~0)*<identity> of ... ]

gap> IsTotal( mor );

true

gap> IsSingleValued( mor );
true
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4.2.2 Kernel (for morphisms of crossed modules of algebras)
> Kernel (mor) (method)
Let (0,9): 2 =(d:S—R) = Z'=(d": 5 — R') be a crossed module homomorphism. Then

the crossed module
ker(6,¢) = (d| : ker® — ker @)

is called the kernel of (6, ¢). Also, ker(0, @) is an ideal of 2". An example is given below.
Example

gap> Xmor := Kernel( mor );

[ <algebra of dimension 2 over GF(2)> -> <algebra of dimension 2 over GF(2)> ]
gap> IsXModAlgebra( Xmor );

true

gap> Size2d( Xmor );

[ 4, 4]

gap> IsSubXModAlgebra( XIAc4, Xmor );

true

4.2.3 Image

> Image (mor) (operation)

Let (0,0): Z =(d:S—R)— 2" =(d":5 — R') be a crossed module homomorphism. Then
the crossed module

3(0,9)=(d'|:360 —30¢)

is called the image of (6, ¢). Further, 3(6, ) is a subcrossed module of (S',R",d’).

In this package, the image of a crossed module homomorphism can be obtained by the command
ImagesSource. The operation Sub2dAlgObject is effectively used for finding the kernel and image
crossed modules induced from a given crossed module homomorphism.

4.2.4 SourceHom

> SourceHom(mor) (attribute)
> RangeHom (mor) (attribute)
> IsInjective (mor) (property)
> IsSurjective(mor) (property)
> IsBijjective (mor) (property)

Let (0, ¢) be a homomorphism of crossed modules. If the homomorphisms 6 and ¢ are injective
(surjective) then (6, @) is injective (surjective).

The attributes SourceHom and RangeHom store the two algebra homomorphisms 6 and ¢.
Example

gap> ic4 := One( Acd );;
gap> el := icd*c4.l + icdxcd.2;
(Z(2)~0)*£1+(Z(2)~0) *£2
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gap> ImageElm( theta, el );

(Z(2)~0)*<identity> of ...+(Z(2)"0)*f1+(Z(2)~0)*£2+(Z(2)~0)*f1*£f2
gap> e2 := icédxc4d.1;

(Z(2)~0)*£1

gap> ImageElm( phi, e2 );

(Z(2)70) *£1+(Z(2) ~0) *£2+(Z(2) ~0) *£ 1*£2

gap> IsInjective( mor );

false

gap> IsSurjective( mor );

false

gap> immor := ImagesSource2DimensionalMapping( mor );;

gap> Display( immor );

Crossed module [..->..] :-
: Source algebra has generators:

[ (Z(2)~0)*<identity> of ...+(Z(2)"0)*£1+(Z(2)~0)*£2+(Z(2)~0)*f1%£f2 ]
: Range algebra has generators:

[ (Z(2)~0)*£1+(Z(2)~0) *£2+(Z(2) ~0) *f1x£2, (Z(2)~0)*<identity> of ...
: Boundary homomorphism maps source generators to:

[ (Z(2)~0)*<identity> of ...+(Z(2)"0)*£1+(Z(2)~0)*£2+(Z(2)~0)*f1%£f2 ]
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Chapter 5

Conversion between catl-algebras and
crossed modules

5.1 Equivalent Categories

The categories CatlAlg (cat'-algebras) and XModAlg (crossed modules) are naturally equivalent
[ElI88]. This equivalence is outlined in what follows. For a given crossed module (d : S — R) we can
construct the semidirect product R x S thanks to the action of R on S. If we define £,h: R x S — R and
e:R— Rx Sby

t(r,s)=r, h(r,s) =r+d(s), e(r) = (r,0),

respectively, then € = (e;t,h: Rx S — R) is a cat! —algebra.
Notice that 4 is an algebra homomorphism, since:

h(riry, ri-sa+ry-s1+s182) = rirp+ri(ds2)+ra2(dsy)+(ds1)(dsz) = (r1+ds1)(r+dsz).

Conversely, for a given cat!-algebra € = (e;t,h : A — R), the map 0 : kert — R is a crossed
module, where the action is multiplication action by eR, and d is the restriction of 4 to ker.

Since all of these operations are linked to the functions Cat1Algebra (3.1.1) and XModAlgebra
(4.1.1), they can be performed by calling these two functions. We may also use the function
Cat1lAlgebra (3.1.1) instead of the operation Cat1AlgebraSelect (3.1.3).

5.1.1 CatlAlgebraOfXModAlgebra

> CatlAlgebraOfXModAlgebra(X0) (operation)
> PreCatlAlgebraO0fPreXModAlgebra(X0) (operation)

These operations are used for constructing a cat! -algebra from a given crossed module of algebras.
As an example we use the crossed module XAB constructed in section 4.1.2.

Example

gap> Cn := CatlAlgebraOfXModAlgebra( Xn );
[An [X Bn -> An]
gap> Display( Cn );
Catl-algebra [An |X Bn => An] :-
range algebra has generators:
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[ [ 2(6)~0, 0%xZ(5), 0*Z(5) 1, [ 0*Z(5), Z(5)~0, 0*Z(5) 1,

[ 0%z(5), 0%Z(5), z(5)~0 1] 1,

[ [ 0xz(5), Z(5)~0, Z(5)~3 1, [ 0xZ(5), 0*Z(5), Z(5)~0 1],

[ 0xZ(5), 0*Z(5), 0*Z(5) 1 1 1]
: tail homomorphism maps source generators to:

[ [ z(5)~0, 0%Z(5), 0xZ(5) 1, [ 0%Z(5), Z(5)~0, 0x*Z(5) 1,

[ 0%z(5), 0%Z(5), z(5)~0 1] 1,

[ [ 0xz(5), Z(5)~0, z(5)~3 1, [ 0xz(5), 0*Z(5), Z(5)"0 1,

[ 0%z(5), 0%Z(5), 0%z(5) 1 1,

[ [ 0xZ(5), 0%Z(5), z(5)~0 1, [ 0%Z(5), 0*Z(5), 0*Z(5) 1,

[ 0xZ(5), 0%xZ(5), 0*Z(5) 1 1,

[ [ 0xz(5), 0%Z(5), 0xZ(5) 1, [ 0xZ(5), 0*Z(5), 0*Z(5) 1,

[ 0%xZ(5), 0%Z(5), 0%Z(5) 1 1,

[ [ 0xZ(5), 0%Z(5), 0%xZ(5) 1, [ 0%Z(5), 0%Z(5), 0%Z(5) 1,

[ 0%xZ(5), 0%Z(5), 0%Z(5) 1 1 ]
: head homomorphism maps source generators to:

[ [ z2(5)~0, 0%Z(5), 0xZ(5) 1, [ 0%z(5), Z2(5)~0, 0*Z(5) 1,

[ 0xZ(5), 0%Z(5), Z(6)~0 ] 1,

[ [ 0xz(5), Z(5)~0, Z(5)~3 1, [ 0%Z(5), 0%z(5), Z(5)~0 1,

[ 0%z(5), 0%Z(5), 0%z(5) 1 1,

[ [ 0xz(5), 0%Z(5), Z(5)~0 1, [ 0%Z(5), 0%Z(5), 0*Z(5) 1,

[ 0xZ(5), 0*Z(5), 0%Z(5) 1 1,

[ [ 0xz(5), Z(5)~0, z(5)~3 1, [ 0xz(5), 0*Z(5), Z(5)"0 1,

[ 0%z(5), 0%Z(5), 0%z(5) 1 1,

[ [ 0xZ(5), 0%Z(5), Z(5)~0 1, [ 0%Z(5), 0*Z(5), 0*Z(5) 1,

[ 0xZ(5), 0*Z(5), 0*Z(5) 1 1 ]

: range embedding maps range generators to: [v.1, v.2 ]

: kernel has generators: [ v.4, v.5 ]
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As a second example, we convert the crossed module X4 constructed in section 4.1.8

Example

gap> C3 := CatlAlgebraOfXModAlgebra( X3 );

[A3 |X GR(c3) -> A3]

gap> Display( C3 );

Catl-algebra [A3 [|X GR(c3) => A3] :-

: range algebra has generators:[ [ [ 0, 1, 0 1],

: tail homomorphism maps source generators to:
tcrco,1,0131,00,0,11,[1,0,011,
(ro,o0,11,[1,0,01,[0,1,011,
(r+,0,01, 00,121,071, [0,0,111,
(ro,o0,01,[0,0,01,[0,0,011,
(ro,0,01,00,0,01,[0,0,017]1,
(L£o,0,01,00,0,01,00,0,0111
: head homomorphism maps source generators to
rcrcto,1,01,00,0,11,[1,0,011,
(ro,o0,11,01,0,01,[0,1,011,
10,01, 00,1,01, [0,0,111,

[0, 0,11,

(1,0, 0111
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-

B

[o,1,01, [0,0
’[0’031],[1,0,
[1, 0,01, [0, 1

>

L B e B e |
L B e B e |
O O -
o = O
O O -
_
—_

> B

: range embedding maps range generators to: [ v.1]
: kernel has generators: [ v.4, v.5, v.6 ]

5.1.2 XModAlgebraOfCatlAlgebra

> XModAlgebraOfCat 1Algebra(C) (operation)
> PreXModAlgebraOfPreCat1Algebra(C) (operation)

These operations are used for constructing a crossed module of algebras from a given cat! -algebra.
The example uses the cat! -algebra C3 constructed in section 3.1.4.
Example

gap> X6 := XModAlgebraOfCatlAlgebra( C6 );
[ <algebra of dimension 3 over GF(2)> -> <algebra of dimension 3 over GF(2)> ]
gap> Display( X6 );
Crossed module [..->..] :-
: Source algebra has generators:
[ (Z(2)~0)*xO+(Z(2)~0)*(4,5), (Z(2)70)*(1,2,3)+(Z(2)~0)*(1,2,3)(4,5),
(2(2)~0)*(1,3,2)+(Z(2)~0)*(1,3,2) (4,5) ]
: Range algebra has generators:
[ Z@2~0)*0O, (Z(2)70)*(1,2,3) ]
: Boundary homomorphism maps source generators to:
[ <zero> of ..., <zero> of ..., <zero> of ... ]
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